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This paper highlights a few results of the Poisson queue with two heterogeneous servers
studied by Krishnamoorthi (1963) under queue discipline-II that minimizes the violation of the
classical ‘First Come First Served (FCFS)’ queue discipline. One special feature of this study is to
solve an optimization problem relative to the service rate μ 2 of the slow server. A simple way of
tracing the optimal service rate μ*2of the slow server is illustrated in a specific numerical
exerciseto equalize the average queue length cost with that of the service cost. Further
itproposes a new Poisson queue operated bytwo heterogeneous service channels with an mpolicy to yield the same steady state probability distribution of queue length and other
performance measures. The two service channels provide parallel service in the former Poisson
queue with an m-policy to take care of the FCFS discipline while in the proposed Poisson queue
those two service channels are serially connectedsuch that each customer is served jointly by
both servers according to an equivalent m-policy which perfectly implements the FCFS rule. A
numerical illustration is also provided to support the fact of ‘no violation of the FCFS
rule’through a comparative method over appropriate measures.
Keywords: M/ (M1, M2) /2 queue, M/(M1+M2)/2 queue, Mean queue length and Mean waiting time,
queue length cost and service cost.

Introduction
Krishnamoorthi (1963) pointedout that there are some objections to the use of the 'first-come firstserved (FCFS)' queue discipline while estimating the average waiting time through the Little’s
formula in multi-channel queues even in the case of equal service capacities occuringin the
channels and is greater for greater heterogeneity of the service capacities of the channels. For
instance, if two heterogeneous clerks in a reservation counter provide service then customers
might prefer to choose the fastest server among the free servers. On the other hand if the just
arriving customer chooses the slowest server among the free servers by a random choice, then
those customers who could come subsequently may clear out earlier by obtaining service from the
server providing service with faster ratesand thatleads to a violation of the FCFS discipline. For
more related details on parallel machine scheduling queues and queues with heterogeneous
servers, one may refer to Emrahet al. (2013) and Kim et al. (2011) and Boxmaet al. (2002)
respectively. In the sequel, ‘Queue Discipline-I’ refers to the classical FCFS rule and any modified
method of implementing the FCFS indirectly is treated as ‘Queue Discipline-II’
When a businessman engages an experienced salesperson and an apprentice or a senior doctor and
a junior doctor as parallel servers in a queuing system, then the FCFS queue discipline is violated
which is well justified by Krishnamoorthi(1963) and Sivasamy et al. (2015).This type of violation of
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FCFS rulecreates dissatisfaction among customer groups affected by such randomselection of a
server and eventually will lead to abandonment, reneging, balking, etc. thereby reducing profits.
Hence Krishnamoorthi proposed the following ‘Queue Discipline-II’ as an alternative method to
reduce the impacts of violating the FCFS so that the resulting waiting times of customers are
identical with that of the FCFS rule subject to the condition that mean service rates of the server1(=Channel I) and the server- 2(=Channel II) are μ1 and μ2 respectively:
A customer arrives to find:





Both channels free; it occupies Channel I (assuming that Channel I gives faster service on
the average)
Channel I is engaged; it waits for service by Channel I whether or not Channel II is free. But
if the number of units waiting for service by Channel I becomes ‘m’ (a positive integer), it
goes to Channel II for service if that is free; otherwise it waits as the (m +1) th unit in the
queue. It should be noted that the first ‘m’ units in the queue will be getting service from
Channel I. The (m+1)th unit in the queue will go to Channel II if that becomes free prior to
the finishing of service of the unit in Channel I. Otherwise it will move up as the m th unit in
the queue, and hence decides to take service from Channel I.
Both channels are engaged; and a waiting line of length 'n say'greater than or equal to 'm'
joins the queue as the last (n+1) st number. All units after the mth in the queue take a
decision only when they reach the (m+1) th position in the queue. The decision is taken
according to the rule mentionedabove under 'Channel I is engaged'.

The positive integer 'm' is to be chosen such that it is one less than the greatest integer in the ratio
of (μ1/μ2). So m+1= an integer just greater than or equal to (μ 1/μ2). It is clear that for this choice of
‘m’, the following happens: When there are ‘m’ units waiting for service in Channel I, an incoming
unit finds it profitable to go to Channel-II if that is free since the amount (m+2) (μ 1)-1 is larger than
(μ2)-1Similarly when there are only (m-1) units waiting for service in Channel I, an incoming unit
will find it profitable to join the queue for service in Channel I, even if Channel II is free since (m+1)
(μ1)-1 is smaller than(μ2)-1 . Thus this queue discipline achieves the objective that the least amount
of waiting time is spent in the system according to the conditions present on its arrival at the
system due to the fact that thisQueue Discipline-II reduces the violation of FCFS principle.
It is remarked that Sivasamy et al. (2015) have pre-fixed the ‘m’ as ‘m=1’ ( instead of computing the
‘m’value as one less than the greatest integer contained in the ratio of (μ 1/μ2)) in their
investigationswhich also compared the steady state mean performances of two types of M/G/2
queuing systems under the serial and parallel service schedules.
In section 2, difference equation method has been used to analyse the M/ (M 1, M2) /2 under‘Queue
Discipline-II’ with an ‘m’ policy. Section 3 proposes a condition onthe classical system M/ (M 1+M2)
/2 under FCFS queue discipline with an ‘m’ policy to yield thesame steady state behaviour of M/
(M1, M2) /2 queue; i.e. most performance measures of both M/M 1+M2/2 and M/ (M1, M2) /2 queues
become identical and in particular their mean queue length and mean waiting time values are
almost equal. Section 4 highlights the various special features of the proposed methodology and its
future scope

2. Poisson Queue: M/ (M1, M2) /2 under ‘Queue Discipline-II’
Considered below is the two server Poisson queue (Poisson input, exponential service times) of
Krishnamoorthii.e.M/ (M1, M2) /2 under ‘Queue Discipline-II’ with service rates μ1 and μ2 (  μ1) and

International Journal of Research in Engineering & Applied Sciences
Email:- editorijrim@gmail.com, http://www.euroasiapub.org

79

IJREAS
VOLUME 5, ISSUE 6 (June, 2015)
(ISSN 2249-3905)
International Journal of Research in Engineering and Applied Sciences (IMPACT FACTOR – 5.981)
arrival rate λ (  μ1) in Channels I and II respectively like that of two suppliers/servers of an
inventory house filling the orders with different mean times.
Let the steady-state probability distribution {p (.)} of queue length processover the three mutually
exclusive states (a), (b) and (c) of the servers be defined as follows subject to the condition
ρ=λ/(μ1+μ2)<1:
(a) No units waiting for service:
p00 = P {both the Channels are free}
p01 = P {Channel I is free and Channel II engaged}
p10 = P {Channel I is engaged and Channel II free}
p11= P {both the Channels are engaged}
(b) Number of units waiting for service is ‘n’ such that 1  n  m
pn.10= P{n units waiting for service, no unit in Channel II and one unit in Channel I }
pn.11 = P{n units waiting for service in the queue, both Channels engaged}.
( c ) Number of units in the system (including those being served) is n  (m+3)
pn= P{ the system has n units;(n -2) units wait for service and both channels engaged }for n=m+3,
m+4,….
Steady state queue length distribution: Let p-1.11 =p10 , p-1.10 =p00 , p-2.11 =0 , p0  p00 .
Also let, pn=pn-1.10+pn-2.11 for n=0,1,2 , 3, …(m+1) and p m+2 = pm.11.It is to be noted that pm+1.10=0 and


hence pm.11= pm+2. Thus,

p
n 0

n

 1 is called the normalizing condition to the following system of

difference equationssatisfied by the steady-state probabilities that can be derived in the usual
manner:

1
1
1
1

pl0  2 p01

  p00

pl1
p1.l0  2 p11 +  p00
p1.l1   p01



 (  2 )p01

 , ... (A)
 (  1)p10

 (  1  2 )p11 

2 p n.11  1 p n+1.l0 +  p n 1.10  (  1 )p n.10

,
1 p n+1.l1   p n1.11
 (  1  2 )p n.11 
for n=1, 2, ...(m-1)

.... (B)

2 pm.11   pm1.10  (  1 )pm.10 ...(C)
( 1  2 ) p m+3 +  p m1  (  1  2 )p m.11 
,
( 1  2 ) p n+1   p n 1  (  1  2 )p n 
for n=m+3,m+4, ......;

.... (D)
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Solution:Since pm.11=pm+2, it is observed from (D) that
pn=ρn-(m+1)pm+1 for all n  m+2

…(2.1)

Rewrite the first two system of equations of (A), and (C) as below in (A)’:

1 pl0  2 p01
  p00


1 pl1
 (  2 )p01  , ... (A')

2 pm.11   p m1.10  (  1 )p m.10

0
   1

 be a square matrix. The following
  2   1  2 

Let P=(pn.10,pn.11) be a row vector and M= 

matrix equation (B)’ is obtained from the third and fourth equations of (A) that are not accounted in
(A)’and from (B)
Pn M= μ1 Pn+1+λ Pn-1 for n=0, 1, 2, …, (m-1)

…. (B)’

Two latent roots of the matrix M of (B)’ are (λ+μ 1) and (λ+μ1+μ2). Select the corresponding latent

 1
 1

 0
1

vectors as   and   respectively. Letting Qn= pn.10 + pn.11 and Q’n= pn.11 and multiplying the

1
1

0
1

right of (B') by   and   respectively, for n=0, 1, 2, …, (m-1),it is establishedthat
(λ +μ1) Qn M= μ1 Qn+1+λ Qn-1...(22)
(λ + μ1 +μ2) Q’n M=μ1 Q’n+1+λ Q’n-1...(2.3)
It can be shown with the first two boundary conditions of (A)’ that the solution to (2) is
Qn=(p00+p01) wn+1where w 


for n=-1, 0, …, m
1

…(2.4)

Let,wjfor j=1 and 2 be the two roots of the following quadratic equation
μ1x2 -(λ+μ1+μ2) x+λ =0

w1 

   1  2 

w2 

 41 


21

2
    1  2   41 

21




   1  2 

…(2.5a)

   1  2 

2

...(2.5)

Define, for n=1, 2, …, m, the following quantities:
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   2 
  w1 
    2 
  w2  
a '  
  w2  
 , b'=  
  w1  

 1 
  w1  w2 
  1 
  w1  w2   ...(2.6)

and rn =a' w1n +b' w 2 n

Now it is easy to check that the solution of (2.3) is
rn(p01) for n=1, 2, …m
…(2.7)
m

Application of the normalising condition

 Qn 

n 1





n m3

pn  1 together with (2.1) and (2.7) leads

that

 1  wm 2 
  
( p00  p01 ) 
  p01 rm 
  1 …(2.8)
 1  
 1 w 
On

using

the

fact

of

Qm-Q’m=pm.10and Q’m=pm.11into
 (  1 )pm.10 of (A)’, it is seen that

2 pm.11   pm1.10
2 pm.11   pm1.10  (  1 )pm.10
 2 Q'm    Qm-1 -Q'm-1   (  1 )  Qm -Q'm 



the

third

boundary

condition

(  1 +2 ) Q'm   Q'm-1  (  1 )Qm - Q m-1

p01  (  1 +2 ) rm   rm-1    ( p00  p 01 ) wm1

...(2.9)

Converting the scalar equations of (2.8) and (2.9) into its matrix version, it is found that

  1  wm  2 


  1 w 
  wm1



  p00   1 
  p    0  ….(10)
 01   
m 1
 w   rm1  (  1  2 )rm 
 1  wm  2 
  

  rm 

 1  
 1 w 

Let d be the determinant value of the non-singular co-efficient matrix of (10) then

 r 
(1  wm 2 )
d=
 rm-1  (  1   2 )rm    wm1  m  …(11a)
1 w
1   
Solving (2.10) by using inversion method, it is obtained that
p00=  w m+1   rm-1  (  1  2 )rm  /d and p01=  wm1 /d…(11b)
Since the queue length process is an ergodic process, p 01>0 of (2.11b) which is ensured if d <0 i.e. d
is a negative real number. Now the steady-state probability distribution {p (.)} of queue length
process is completely determined as follows:
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m+1
m+1



p00   w   rm-1  (  1  2 )rm  /d, p 01  -λw /d

m+1
   2  , where w=   ...(2.12)
  λw 
p10  p 00 w +( 2 ) 
,
p

p


01
1  d  11
1
1 
p n.11 =p01 rn , p n.10   p 00  p 01  w n 1  p 01 rn for n  1, 2,  m 

n  (m  2)
p m.11  p m  2  p 01 rm , and p n  
p m  2 for n  (m+2) 



d

 r 
(1  wm  2 )
 rm-1  (  1  2 )rm    wm1  m 
1 w
1   

From this distribution, all moments can be numerically calculated for a given set of input values on
λ, μ1, andμ2 provided ρ=λ/(μ1+μ2)<1. For example the expected number E(N) of customers in the
system is given by
E(N)=  p00  p01 



m

 n w n 1  p01 rm
n 0

n

 n-(m+2)

...(2.13)

n  m 3

Formulation of cost balancing problem: An essential factor of minimising the waiting time jobs
processed by the servers of the M/M+M/2 system is the determination of the proper service rate
μ2of the slow server. A simple question arises on how to tackle the problem of determining μ2, the
service capacity in the second channel. Assume that the objective is to find the value of μ 2such that
average waiting time cost and average service capacity cost must be equal. This objective is
expected to create an impression in the mind each arriving customer that the mean service time
and the mean waiting time might be almost equal. An appropriate service rate μ 2 of the slow server
is determined for the peak periods of the working hours, taking into consideration the following
quantities:
C0 = penalty cost per unit time wait,
βi= cost incurred per unit service when the i th channelis busy for i= 1 and 2
λ = arrival rate,
μi = number of units serviced per unit per unit time in the i th channel (i= 1, 2).
E(T) = average total time spent in the system=E(N)/λ
Now let the cost per unit time incurred by the firm providing the service be T 1and that of average
waiting time be T2. Then
T1=β1 μ1(1-p00-p10) +β1 μ2 (1-p00-p01)

…(2.14)

and
T2= C0E(N)/λ

…(2.15)

Since each of the arrival and departure processes followsa Poisson process and the arrival and
service rates are known constants, values of T1 is expected to increase while values of T2is expected
to decrease linearly with increasing values inμ2. To find one such a value of μ2such that average
waiting time cost and average service capacity cost are equal through a numerical exercise, the
following values are used:λ=10.2, μ1=9.2, β1= 1.1655 and β2=2.5 and C0=35.2 while μ2 values vary
over the closed interval [3.3949301, 3.3949901].
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The corresponding values selected on μ2 and the outcomes obtained on T1 and T2are reported in
Table-1 below.
Table 1: Values of T1 and and T2 for λ=10.2 , μ1 =9.2,
β1= 1.1655, β2=2.5 and C0=35.2
µ2 and m=2 T1
T2
T1-T2
3.3949301
3.3949401
3.3949501
3.3949601*
3.3949701
3.3949801
3.3949901

15.2905694
15.2905808
15.2905921
15.2906034
15.2906148
15.2906261
15.2906375

15.2907467
15.2906974
15.2906480
15.2905986
15.2905493
15.2904999
15.2904505

-0.0001773
-0.0001166
-0.0000559
0.0000048*
0.0000655
0.0001262
0.0001869

As the largest integer contained in (9.2/3.3949301) and (9.2/3.3949901) is 3, the value to be
assigned to m is 3-1=2. A simple inspection over the values of (T1-T2) reveals that the best value of
μ2that satisfies the objective of the above problem and that balances the average waiting time cost
and average service capacity cost is found as 3.3949601.Hence it is advisable that when λ=10.2, β 1=
1.1655, β2=2.5, C0=35.2 the faster and the slow servers should operate the system with mean
service rates μ1 =9.2, and µ2=3.3949601 respectively.Application of such model to practice is
therefore quite easy. The results obtained prove the usefulness and applicability of the queueing
models as a tool for cost balancing problem.

3. Poisson Queue M/M1+M2/2 under Queue Discipline-I
This Queue Discipline-I of the M/M1+M2/2 queue refers to the classical FCFS rule. Assume that the
arrival process follows Poisson law with arrival rate λ(  μ1), service time distribution to each of
the two service channels is exponentialwith service rates of channels I and II are μ 1 and μ2 (  μ1)
respectively andare serially connected. Each arriving customer is served jointly by both servers
according to an ‘m-policy’ which perfectly implements the FCFS rule as detailed below.
There are someservices of companies in our social and real life business applications that do not
allocate a single server to serve some customers. For instance there areservice counters where one
may come across a service process involving both thesalesman and the boss (owner) who provide
services together to a customer being served if the queue length value (excluding the one being
served) is beyond a threshold level, ‘say m’, in order to speed up the service rate. On the other hand
if the queue length is less than or equal to ‘m’ customers then each customer is serviced by the
salesman only till the queue length crosses the level ‘m’if a few more arrivals occur during the ongoing service periods containing less than ‘m’ customers in the queue length thenthe boss joins the
salesman serially as and when the queue length crosses the level ‘m’ to provide the service jointly
with the salesman as a customer satisfaction measure of reducing the average waiting time.This
mechanism ensures that the second server joins with the first server as long as the system
size(including the one being served) is larger than or equal to (m+2) or the queue length (including
the one being served) is greater than or equal to (m+1). A remarkable feature of the serial
serviceschedule is that the service process does not violate the classical FCFS queue discipline
which is known as ‘Queue Discipline-I’ with an m-policy. This kind of serial configuration facility in
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providing service to customers could find applications in retail shops, malls, supermarkets, offices,
banksand other business outfits and engineering applications where heterogeneity of servers
isevident owing to factors such as degree of usage, experience, age, preferencesetc.
The past literature has accounted several multi-server queueing systems that have investigated into
the impacts of heterogeneity of the servers. Since the middle of 1970’s more interesting and useful
results have been contributed on homogeneous service systems (see Hoksad (1978), and Tijms et
al. (1981)). Also focuses on queues with heterogeneous service channels have been well discussed
since 1960’s from the first work made by Gumbel (1960)on a Poisson queue allowing the
differences in the service capacity of the servers and measuring the errors occurring due to an
assumption that all service rates are equal. Singh (1971) has established that an optimal
combination of service rates to minimize the performance measures of M/M i/3 queues. Further
investigations about performance evaluation of queueing systems operated by heterogeneous
servers are found in Gall (1998), Grassmann and Zhao (2004), Alveset al. (2011) and Sivasamyet al.
(2014). Reviewing over above contributions and other types of heterogeneous servers, the author
of this paper gets motivated to develop a new methodology to analyse Markovianqueueing
systemM/M1+M2/2 subjecting it to a serial service process with an ‘m-policy’. A condition is found
for this heterogeneous M/M1+M2/2 system to yield the same steady state probability distribution of
queue length and other performance measures of the two server Poisson queue M/(M 1,M2)/2
operating under ‘Queue Discipline-II’discussed in section 2 above, where servers provide parallel
services to all waiting customers with an m-policy.
Equilibrium equations of M/M1+M2/2 under Queue Discipline-I
Let πi be the steady state probability to find ‘i’ customers in the system subject to the condition
ρ=λ/(μ1+μ2)<1.Since each arriving customer into the M/M 1+M2/2 under ‘Queue Discipline-I’ is
served jointly by both servers according to the ‘m-policy’ which perfectly implements the FCFS rule,
the equilibrium equations of the queue length process can be obtained from the conservation of
flow as stated below.

λ
) 0
μ1
λ  n 1  μ1  n+1 = (λ  μ1 )  n for n=1, 2, 3, ... m

μ1 1 = λ  0  1 =(

λ n
)  0 for n=2, 3, ... m+1
μ1
λ  m  (μ1 +μ 2 )  m+2 = (λ+μ1 )  m 1


λ  n 1  (μ1 +μ 2 )  n+1 = (λ+μ1 +μ 2 )  n for n  (m  2) 
λ
  n =( ) m+1  (n-m-1)  0 for n  m  1
μ1
  n =(




n 0

n

=1   0 =

...(3.1)

...(3.2)

...(3.3)

(1   )(1  1 )

where 1 =
m 1
m 1
(1   )(1  1 )  (1  1 ) 1
1

...(3.4)

Expected number E(Q) of customers in the system of M/M 1+M2/2 queue is

International Journal of Research in Engineering & Applied Sciences
Email:- editorijrim@gmail.com, http://www.euroasiapub.org

85

IJREAS
VOLUME 5, ISSUE 6 (June, 2015)
(ISSN 2249-3905)
International Journal of Research in Engineering and Applied Sciences (IMPACT FACTOR – 5.981)
m

E (Q)   n  n 
n 0





n  m 1

n n

 1  m
1m
m 1m (   1 ) 
1
= 0 1 



2
2
(1  1 )(1   ) 
 1  1  (1   )

(3.5)

To find a condition for this heterogeneous M/M 1+M2/2 system where servers are serially connected
to yield the same steady state results of the M/(M1, M2)/2system where servers provide parallel
services to all waiting customers discussed in section-2, the following methodology is
recommended.
Assumehere that there is a dual server to server-2 associated with the heterogeneous M/M1+M2/2
system who accepts first customer at the head of the queue,if any, to transfer him/her to the real
service (to be served either by server-1 or by both servers jointly) as and when the on-going service
with a customer is completed. Notice that this dual server is continuously busy during each type of
busy period (there are four types of busy periods). Let
qn=conditional probability that the dual server sees ‘n’number of customers in the queue (excluding
the customer receiving service from server-1)while the server-1 is busy.
qn-1=

n
1 0

for n=1,2, …, 

…(3.6)

Then, it is claimed that the sequence { qn} of (3.6) that is obtained from the distribution {  n} of
M/M1+M2/2 system and the sequence { p n for n=0, 1, 2, …  }of (12a) of the M/ (M1, M2)/2system
are identical sequences in terms of numerical values to be calculated by the algorithm organised in
Appendix 1 for a given λ, μ1 and μ2 such that ρ= λ/ (μ1 +μ2) <1and μ1< μ2.
Then, it is claimed that the sequence { qn} of (3.5) that is obtained from the distribution {  n} of
M/M+M/2 system and the sequence { p n for n=0, 1, 2, …  }of (2.12)ofM/(M, M)/2 system are
identical. i.e.

q 0  p00 , pq 0  p 0010  p 00 w, p11  p 01
p n.11 =p01 rn , p n.10   p 00  p 01  w

n 1

   2  , where w=  
1

 p 01 rn for n  1, 2,  m

p m.11  p m  2  p01 rm , and p n   n (m  2) p m 2 for n  (m+2)



1 


 ...(3.7)




To establish this claim i.e.{ qn} of M/M+M/2 system and the sequence { p n } ofM/(M, M)/2 system
for n=0, 1, 2, …m+2are almost same, number of numerical illustrations have been carried out by
randomly fixing λ, μ1 and μ2 values and a summary over numerical results on { q n-1 for n=1,2, …,
m+2} of M/M+M/2 system and { p n for n=0, 1, 2, … m+1} ofthe M/ (M, M) /2 system is provided in
Table-2 below.
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Table 2:First (m+1) probability values of queue length distribution of M/(M, M)/2
and M/M+M/2 queues for a given λ=10.2 and μ2= 5.2 while μ1 varies from 5.5
M/(M, M)/2
m=[μ1/μ2]-1 M/M+M/2 results on
μ1
{pn, for n=0, 1, 2, … m+1}
{qn, for n=0, 1,2, …, m+1}
5.5
p0 =0.0241505440
q0= 0.0245777103
p1 = 0.0448165886
1
q1= 0.0455804808
p2 = 0.0448913983
q2 = 0.0434505518
p3= 0.0427936694
q3= 0.04142015220
7.0

11.5

16

p0 = 0.104107421
p1= 0.151964380
p2 = 0.123850956
p3 = 0.103547521
p0=0.2640586980
p1= 0.234209216
p2= 0.207546538
p3= 0.114503357
p4= 0.0699361820
p0 = 0.3971488510
p1 = 0.2531823930
p2 = 0.1614036890
p3 = 0.1028413550
p4 = 0.0443236243
p5= 0.0213255174

1

2

3

q0=
q2=
q3=
q4=
q0=
q1=
q2=
q3=
q4=
q0=
q1=
q2=
q3=
q4=
q5=

0.101126842
0.147356255
0.123199492
0.103002854
0.2558755760
0.2269505110
0.2012952360
0.1229467910
0.0750932494
0.3932005020
0.2506653200
0.1597991420
0.1018719530
0.0490138641
0.0235821421

A simple inspection over numerical results provided on { q nfor n=0,1, …, m+1}and { p n for n=0, 1, 2,
… m+1 }in Table-2 reveals that the difference occurring beweenqn and pn for each of n=0, 1, 2, …
m+1 is insignificant and however this difference inreases with increasing value of m.
M/M/1 queue : It is of some interest that corresponding closed forms of expressions for the
classical single server M/M/1 queue follows from that of the results (3.1) through (3.4) by applying

2  0 i.e.  =
 n =(



1  2

 1 :

λ n
λ
)  0 for n  0 where  0  1 
μ1
μ1

...(3.8)

Expected number, E(Q1) say, of customers in the M/M/1 system is then given by

E(Q1 ) 

1
… (3.9)
1  1

4. Conclusion
This paper highlights the results of M/M1,M2/2 queue with two heterogeneous servers studied by
Krishnamoorthy (1963) under queue discipline-II that minimizes the violation of the classical 'First
Come First Served (FCFS)' queue discipline where the service rendering was done by parallel
servers.A cost balancing problem for minimising the waiting time jobs processed by the servers of
the M/(M, M)/2 system is formulated to the determination of the proper service rate μ 2 of the slow
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server such that average waiting time cost and average service capacity cost must be equal and
application of such model to practice is quite easy. The obtained results prove the usefulness and
applicability of the queueing models as a tool for a cost balancing problem
Further it proposes a new Poisson queue model and M/M1+M2/2 with an m-policy where the
service rendering was done by two serially connected servers to yield the same steady state
probability distribution of queue length and other performance measures. Numerical illustration is
then provided to support the fact of 'no violation of the FCFS rule' through a comparison over
appropriate measures.This kind of serial configuration facility in providing service to jobs could
find many applications in retail shops, malls, supermarkets, offices, banks and other business
outfits where heterogeneity of servers is evident owing to factors such as degree of usage,
experience, age, preferences etc.
There are advantages of availing the proposed Poisson queue model and M/M 1+M2/2 with an mpolicy in many ingineering applicationswhere the service process involvs the faster server as a
machine which can increase its speed to any desired level at any time.If the queue length is less
than or equal to `m' jobs then each job is serviced by the Machineat rate μ 1till the queue length
crosses the level `m' if a few more arrivals occur during the on-going service periods containing less
than `m' jobs. The Machine canthen increase itsservice rate to μ 1+μ2 if the queue length value
(excluding the one being served) crosses the threshold level, `m', in order to reduce the waiting
time of jobs. A remarkable feature of the serial service schedule is that the service process does not
violate the classical FCFS queue discipline which is named here as `Queue Discipline-I' with an mpolicy.
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Appendix 1
M/(M,M)/2 queue:
Step 0: Compute the largest integer 'M' contained in the ratio

1
, then let m=M-1
2

 r 
(1  wm 2 )
Step 1: d 
 rm-1  (  1  2 )rm    wm1  m  where w= λ/ μ1
1 w
1   

w1 
Step 2:

w2 

   1  2 



   1  2 

2

 41

21

   1  2 



   1  2 

2

and

 41

21
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   2 
  w1 
    2 
  w2  
a '  
  w2  
 , b'=  
  w1  

Step 3:
 1 
  w1  w2 
  1 
  w1  w2  

and rn =a' w1n +b' w 2 n for n=1, 2, ..., m

Step 4: d 

 r 
(1  wm 2 )
 rm-1  (  1  2 )rm    wm1  m 
1 w
1   

Step 5: p00   w m+1   rm-1  (  1  2 )rm  /d and p 01 = Step 6: p1 =p01 + p10  p00 w + (1 

 wm1
d

2
)p
1 01

   2

Step 7: p2 =p11 +p1.10  ( p00  p01 ) w2  
 r1  p01
 1

n 1
Step 8: pn +1 =pn-1.11 +pn.10  ( p00  p01 )w   rn1  rn  p01 for n=2, 3,...m
Step 9: pm+2 =pm.11  rm p01 and pn   n (m2) pm2 for n  (m+2)
M/(M+M)/2 queue:
Step 10:  0 =

(1   )(1  w)

and  n = w n 0 for n=2, 3, ... m+1;where w 
m+1
(1  w  )
1

Step 11:  n =w m+1  (n-m-1)  0 for n  m  2
Step 12: qn 1 

n
for n=1,2,......
1 0
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