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Abstract

In this paper, we develop ¢,(A™, X), c(A™, X) and ¢, (A™, X) respectively and
determine their Kéthe-Toeplitz duals in operator form.

1 Introduction

The scalar sequence spaces c,(A™), c(A™) and £, (A™), where for instance
Lo (A™) = {x = (x3): A™xy € £}

were defined and studied by Et and Colak [2], which are in fact the generalization of some
results of Kizmaz [3] and Et [1].

Let U denote the set of all sequences

u= (uk);;l

such that (u) # 0(k = 1,2,3,...). Given any u € U, we write

o]

1_(1) dp =)
u ue) oy and p = (PkJr=1

shall always be an arbitrary sequence of positive reals.
We define the A™ difference sequence spaces of Banach space X-valued sequences:
co(A™, X) = {x = (x): x, € Xand A™x € ¢y(X)} (1.1
c(A™, X) = {x = (x;): x; € X and there exists £ € X such that (A™x — ) € ¢,(X)}
Lo (A™ X) = {xX = (xp):x, € Xand A"™x € £, (X)}
where m € N,
A%x = (xi), Ax = (X — Xp1)
AMx = (A™ 1x — A™ 1xplq)
and so that
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. m
amx =" 0" () e
n=0

()= e

where

These spaces are Banach spaces with the norm defined by

m
1l = D lll + 1Al
i=1

Let us define the operator
Smiton(A™, X) - £, (A™, X)
defined by
Smx = (0,0, ..., Xma 1, X2y r)
where
X = (x1,x,%x3,...)

is a bounded linear operator on ¢, (A™, X).
Furthermore, the set

Sm [foo (Am: X)] = Smtpoo (AmrX)

={x = ()i x, € £ (A™, X), %y = x5 = X3 = =

is a subspace of £, (A™, X) and

%]l = 1A x|l In Sy e (A™, X)

Definition:

Let X and Y be Banach spaces and ( Ay ) a sequence of linear but not necessarily bounded

operators 4, on X into Y.

Suppose E(X) is a non-empty set of X-valued sequences. The a-dual of E (X) is defined by

E*(X) = {/T = (4): Z A x|l converges for all (x;) € E(X);.

k=1

A decisive break with the classical approach was made by Robinson [5] in 1950, when he

(1.4)

considered the action of infinite matrices of linear operators from a Banach space of sequences
of elements of that space. The KotheToeplitz duals for various vector valued sequence spaces
have been obtained in terms of sequences of operators by Maddox [4].
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Theorem 1.1: The sequence space [, (A™, X) is a Banach space with the norm defined in
(1.4).

Proof: Let (x") be a Cauchy sequence in [, (A™, X) where
&™) = (x]) = (], x5, x5, ...) € l,(A™, X),Vr € N.

Then
|x" — x5||,,, = Z ] — x7|| + supIIAm(xk —x3)| =0 asr,s = oo.

Hence we get
[x; —x;ll = 0 asr,s = oo, for each k € N.
Therefore ( xj, ) is a Cauchy sequence in X. Since X is complete, it is convergent, i.e.

lim x;, = x;, (say ), for each k € N.
T—>00

Since ( X" ) is a Cauchy sequence, for each ¢ > 0 there exists N, = N, (¢) such that

%" — %8|l < & V1,5 = Ny

Hence
m
Z lx] —x7|l < e
i=1
and
Z D" (1) Gin = || < £,97,5 2 Nk €N
So we have
lim ) I il —Z lf = xill <.
i=1
and
lim ||A™ (x — x|l = IA™ (xf, — )1l < &, Vr = Ny
S—00
This implies that
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[|x" — X||,, < 2¢,Vr = N,

ie.
X" > X asr - o
Now
m
m
el = > 0 ()t
n=0
m
Z (- 1)n( )(xk+n xllcv+n + xllcv+n)
n=0
and
lim [|A™ (e — %9l = A7 — )l < &,vr = Ny
S—00
This implies that
|x" — %||,, < 2eVr =N,
ie.
X" > x asr - o
Now
m
m
el = > 0 ()t
n=0
m
m
Z GI%% (n) (xk+n ~ Xfyn + xllcv+n)
m n=0
Z 0" () (e = ) )l
< &N - x|, + ||Amx,’2’|| = 0(1)
This implies that
X € £, (A™, X)
Therefore
?,(A™, X) is a Banach space. This completes the proof.
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Lemma 1.1

sup||A™ 1x, — A x4 || < oo iff
k

)
supk~|A™ 1x, || <
k
(ii)
sup|[|A™ o — k(k + D) TTA™ a4l < 00
K
Proof:
Putting

A™1x, instead of x;,
in the proof of lemma
iglf”xk = Xpyll < oo iff
@)

supk ™l |l < o0
k=1

(ii)

sup lx — k(k + 1) x|l < o0
k=1

we get immediately the above result.

Lemma 1.2.

supk~H|Ax, || < o implies that supk=(*D||x,|| < oo, foralli € N.
k k

Proof. Given

supk~H|Ax || < o
k

then
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k
Z (X — X141)
=1

Iy — xpesa Il =

=1
_ O(kl+1)

Now

il = lxx — xka1 + X1 — X1 + x4l

< g = Xpega Il + 12y — xpe Il + 1l [l
Which gives

k=D g || < k™D Axge || + k™D 1xg — xpeqq || + k™D x|
=0(1)

Hence

sgpk‘(”l)llxkll <
This completes the proof.

Lemma 1.3.
supk ! |A™ x|l < oo implies that supk~HD||Am= Dy, || < oo, Viim eEN,1<i<m
k k

Proof. Putting A™ 1x, instead of Ax; in Lemma 1.2, we get immediately the above result.

Corollary 1.1.

supkL||A™x, || < oo implies supk™™||x; || < oo.
K k

Corollary 1.2.

X € £, (A™, X) implies that supk™™||x;|| < oo.
k

Theorem 1.2.
The a-dual of S,,,co(A™, X), S,;,,c(A™, X) and S,,, £, (A™, X) are
Smed(A™ X) = Sppc*(A™, X) = Spt% (A™, X) = M, (B(X,Y))

where
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M, (B(X,Y)) ={A = (4;): A € B(X, Y),Z K™ |Agll < oo} (1.5)
k=1

Proof: Since

S..co(A™ X) € S,,c(A™, X) € S, 80, (A™, X)
implies that

Smt%(A™, X) € Spc(A™, X) € Sy (A™, X)
Therefore we have
(i) M (B(X,Y)) € S8 (A™, X) and
(i) Sppc§(A™, X) € M,,,(B(X,Y)).
(i) Let A = (4y) € M,,,(B(X,Y)) and X = (x3) € Syl (O™, X).

Then

< m el
Akl < K™ (| Al o
k=1 K

=1

(o]
el
< sup K2 N kM4l < oo
k21 k™ L

[using corollary (1.2) & equation (1.5)]
Hence A = (4) € S, 2% (A™, X).
(ii) Let us suppose that (4;) € S, c§f(A™, X), but 4, & M,,(B(X,Y)). Then there exists an
increasing sequence ( x(i) ) such that
n(i+1)

kK™l All > i, Vi € N
k=n(i)+1

Let z € X with ||z|| = 1.
Define a sequence X = (x)

m

Z
Xk =T,n(i) <k Sn(1+ 1)

z € X is so chosen as

n(i+1)
sup > el > 1
H2I=1 ) +1

The choice of such a z € X is possible.
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n(i+1) n(i+1)

k
sup ' gl = sup > 4zl
Izl=1 G511 2=, ot
n(i+1)
km
= > A > 1
n()+1

Then
m
[A™ 1, — AM x4l < ——> 0 asi—> o
i

Thus (x;) € s;,,¢co(A™, X) but
n(i+1)

[Agx,ll > 1
n(i)+1

Therefore

n(i+1)

| Agxpll
n(i)+1

diverges, which is a contradiction to the fact

(00}
D Il < oo
k=1

This completes the proof.
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