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Abstract: This paper deals with the truncation of the discrete distributions Poison,
Binomial and continuous distributions Exponential, Normal. The truncation is very much
useful when some values of a random variable are missing. In such a case we can truncate the
random variable beyond such values one side (lower or upper) or two side and can determine
the probability mass function ( in case of discrete distribution) and probability density
function ( in case of continuous distribution ). Here, we dealt with some important
characteristics like mean, variance and moment generating function of the above said
distributions. Also, we consider applications of the truncated distributions in the various
fields.
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Introduction

Truncated distributions arise in practical statistics in cases where the ability to record, or even
to know about, occurrences is limited to values which lie above or below a given threshold or
within a specified range. In other words, it may happen, either by accident or design that
information about some of the variable values are missing. In such a case we use truncation.
In truncation, the value which falls outside the interval (a,b) is ignored. For example, if the
dates of birth of children in a school are examined, these would typically be subject to
truncation relative to those of all children in the area given that the school accepts only
children in a given age range on a specific date. There would be no information about how
many children in the locality had dates of birth before or after the school's cutoff dates if only
a direct approach to the school were used to obtain information.

Where sampling is such as to retain knowledge of items that fall outside the required range,
without recording the actual values, this is known ascensoring, as opposed to
the truncation here.

The problem of truncation arise s when a standard statistical model is appropriate for analysis
except the values of the random variable failing below or above some value are not measured
at all.

Definition: Let X be a random variable with probability mass function (p.m.f) or
probability density function (p.d.f). The distribution of X is said to be truncated at the point
X=a, if all the values of X < a are discarded. Hence the probability function g(x) of the
truncated random variable distribution at X = a is given by

f(x)
P(X>a)

glx) = ,X>a
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= #?(x) , X > a (for discrete distribution)
= JL X > a (for continuous distribution)
S, fGdx ’

If a random variable allowed to assume values on from its lower boundary to specified value
b i.e, discarding or removing all possible values of random variable behind X = b is known as
right truncation or truncated above and for such truncation the p.m.f or p.d.f is given by
f(x)
gx) = PA<E) L X>b

If any random variable is restricted to assume values between X = a and X = b, then the
random variable is said to be doubly truncated and for such truncation the p.m.f or p.d.f is
given by

_ f(x)
g(x) = P(a<X<b) a<X>b

The r™ moment about origin (non-central moments) for the left truncation distribution is
given by
U =EX") = ¥ g(x) (for discrete distribution)
u =EX") = fawg(x)dx ( for continuous distribution)
. Truncated Discrete Distributions

A) Truncated Binomial Distribution: The Binomial distribution is supposed to be
the oldest discrete distribution. Binomial distribution is defined by a Bernoulli trial.
If a Bernoulli trial is repeated number of times say n with probability of outcome
(success) in each trial is constant, then the probability of getting x successes in n trials
is given by

f)=PX=x)=n,p*q"*; x=012,....... n0<p<i1

Truncation of any distribution may be single ( or one sided) or it may be doubly
truncated by omitting values on both extremes. A single or one sided binomial
distribution is formed if the distribution is truncated at only one end.

Consider, a truncated binomial distribution truncated at X = 0, then its p.m.f is given

by

_ fx™ . _
glx) = PS0)  X>o0i.e,x=1,2,........ n
X Nn—X

_ ne, pq
v=1f()

X 4n—X

ne, P*q
Yr=1Mc, P*q" "
X 4N—X

Ne, P°q
1—q™
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Hence, the truncated p.m.f of Binomial distribution, truncated at X=0 is given by
n X A N—X
glx) = —C"lp_qqn ; x=12,....n  -—--—-- > (%)
Some times the above is known as positive binomial distribution.
In general, a binomial distribution truncated on the let at X = k is given by

_ fx) . _
glx) = P(X>k),X>kl.e,x—k+1,k+2, ......... n
X Nn—X

= el il k4 1,k+2,.
Yok ey PYQ™F
Consider a binomial distribution in which k observations from the lower end and h
observations from the upper end of the distribution are truncated. Then the p.m.f. of
the double truncated binomial distribution is given by

()= = ne, p/q" 7
IV == el ne plqn’
The r™ moment about origin ( non-central ) of truncated binomial distribution are

given by dividing the corresponding moment of the complete distribution by 1-q" (by
* defined above)

k<j<n-—1/

o rt“moment of binomial random variable
nu'T - 1_qn

np
1—q™

Thus, we get u; = mean =

o n(n—1)p% +np
= T

and Variance = p, = pj — | = %;")

B) Truncated Poison distribution
Poison distribution was discovered by French mathematician and physicist Simeon
Denis Poison (1937). Poison distribution is a limiting case of Binomial distribution
under the following conditions.

) n, the number of trials are very large i.e., n—o

i) p, the probability of success is very small i.e., p—0

11)) np = 0 (say) is finite.

Under the above conditions,
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, ; x n-x
lim b(x;n, p)= lim —"—H{EJ (l - 9)

n—»o n—o xl(n-x)!\n n
e 96*
= 5 x=0,,--,00
x!

Which is the probability function of the Poison distribution with parameter 0.

The right truncated poison distribution is formed if the poison distribution truncated at only
right. In this case the probability mass function is given by

e 99k )
r =8 ,5j’
k! Z.E’__'?__

j=0 J!
If the first r; values 0,1,2,...... ri-1 are omitted then we call it as a left truncated poison
distribution and its probability mass function is given by
-0 nx
e " 8

P(X=JC}= =3 k:rl,rl +1’...

P(X =k)= k=0,1,2,---,r

A very special case of left truncation is the omission of zero, then the corresponding truncated
poison distribution is given by
-0 -@\nk g -1k
e (1-e )6 e’ -8
Px=k=2U=¢ W =D & ;5.
k! k!
This is usually called as positive poisson distribution.
The first and second moment about origin of truncated poison distribution truncated at X=0 is
given by

= mean = 6(1 — ei(,)‘1
' 1._
py=0*+0)(1-"
The variance of truncated poison distribution truncated at X = 0 is
. ' 2 1._ 1._ 1
Variance = p, = pp — g = 02(1_76) 1 [1_(1_76) Ly 5]
Il.  Truncated Continuous distributions

A random variable X is said to follow normal distribution with parameters mean (p)
and variance (c°) if its probability density function is given by
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l(ﬂf
f(x}:;e 2\ o ; —w<x<em;o>0

o427
English Mathematician De-Moivre (1733) obtained this continuous distribution as a
limiting case of the Binomial distribution and applied it to problems arising in the
game of chance. The common use of normal distribution is in model construction, but
enumerating the field of application would be lengthy and not really informative and
therefore we do not attempt task. The normal distribution is almost used as
approximation to theoretical or an unknown distribution.
If the value of x below value X, cannot be observed due to truncation, then the
resulting distribution is left-truncated normal distribution with probability density
function and is given by

0, —oSx<xy
f(x)= m"fi Xy Sx=<c0
[f(x)ax
L *L

Where f(x) is defined above. The left truncated normal distribution graphically shown
as below.

Ll

If the values of X above some value Xg cannot be observed due to truncation, then the
resulting distribution is a right truncated normal distribution with probability density function

given by

F

0, Xp<x<ow
1)
f{x)=4x‘g— —mixixR
If(x)-aﬁr

A random variable X has 5;1 doubly truncated normal distribution if its probability density
function is given by
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-1

b _l(ﬂr
Ie 2\ o a<x<bh
a

2
A=
o= e o2

Conclusion: This paper is presented as an overview on truncated discrete and continuous
distributions.
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