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Abstract 

Classical and non-Newtonian fluid mechanics present an intriguing array of challenges from 

a mathematical perspective. This field of study delves into the complex behavior of fluids, 

encompassing both traditional Newtonian fluids, like water and air, and non-Newtonian 

fluids, such as polymers and suspensions. One key challenge lies in developing mathematical 

models that accurately describe the flow of these fluids under various conditions, considering 

factors like viscosity, shear-thinning, viscoelasticity, and yield stress. Understanding and 

predicting the behavior of fluids in real-world applications, like industrial processes or 

biological systems, require sophisticated mathematical tools and computational simulations. 

The mathematical modeling of turbulence, multiphase flows, and complex geometries adds 

another layer of complexity. Solving the resulting partial differential equations often demands 

advanced numerical techniques and high-performance computing. The field continually 

evolves as new phenomena and materials are discovered. Bridging the gap between 

theoretical models and experimental observations remains a fundamental challenge. In this 

multidisciplinary arena, mathematicians play a crucial role in addressing these challenges, 

advancing our understanding of fluid mechanics, and facilitating innovations across various 

industries. 

Keywords:-Fluid Mechanics,Classical Fluids, Non-Newtonian Fluids, High Weissenberg 

Number, Viscosity 
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Introduction 

Fluid mechanics is a branch of physics and engineering that explores the behavior of fluids, 

encompassing both classical Newtonian fluids like water and air and more complex non-

Newtonian fluids such as polymers, slurries, and colloidal suspensions. From a mathematical 

perspective, this field offers a rich tapestry of challenges that researchers and mathematicians 

continue to grapple with. Understanding and quantifying the intricate dynamics of fluids is 

crucial in a wide range of industries, from aerospace and chemical engineering to biomedical 

applications and environmental science.One of the fundamental challenges in classical fluid 

mechanics lies in the development of mathematical models that accurately describe the flow 

of Newtonian fluids. While Sir Isaac Newton's pioneering work laid the foundation for 

understanding the behavior of simple fluids, the real world presents situations with a 

multitude of complexities, including turbulence, boundary layer separation, and fluid-solid 

interactions. These phenomena demand the solution of intricate partial differential equations, 

often requiring advanced numerical methods and computational simulations to provide 

meaningful insights. 

Non-Newtonian fluids, on the other hand, exhibit behavior that departs significantly from the 

linear relationship between shear stress and shear rate observed in Newtonian fluids. 

Viscosity can vary with flow conditions, and materials may exhibit viscoelasticity, shear-

thinning, or even yield stress behavior. Characterizing and modeling these intricate 

rheological properties pose significant mathematical challenges, particularly when it comes to 

predicting their behavior in practical applications.In addition to these fundamental modeling 

challenges, fluid mechanics also grapples with bridging the gap between theory and 

experiment. Experimental data is often limited or noisy, making it challenging to validate 

mathematical models rigorously. Furthermore, the complexity of real-world systems 

introduces uncertainties that must be considered in mathematical formulations. 
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Need of the Study 

Deep understanding of fluid mechanics is fundamental for a wide range of industries and 

applications, from designing efficient transportation systems to optimizing chemical 

processes. Accurate mathematical models are crucial for predicting and controlling fluid 

behavior in these contexts.As technology advances, the use of non-Newtonian fluids in 

various applications is growing. These materials exhibit complex rheological properties that 

require sophisticated mathematical descriptions. Meeting this challenge is vital for the 

development of innovative products and processes in fields like pharmaceuticals, food 

processing, and materials science. Classical fluid mechanics still plays a critical role in 

everyday engineering problems, such as fluid flow in pipelines or airfoil design. Improving 

our mathematical understanding of classical addressing the mathematical challenges in fluid 

mechanics contributes to the broader field of applied mathematics, advancing our ability to 

model and simulate complex physical phenomena. This knowledge not only benefits 

engineers but also aids in solving fundamental scientific questions related to fluid dynamics. 

In summary, this study is essential for both practical applications and the advancement of 

scientific knowledge. 

Literature Review 

Galdi,Et Al (2008)Mathematical problems in classical and non-Newtonian fluid mechanics 

present intriguing challenges that transcend the boundaries of everyday observation. Classical 

fluid mechanics, rooted in Newtonian physics, deals with idealized fluids that obey linear 

relationships between stress and strain. However, real-world fluids often deviate from this 

ideal behavior, giving rise to non-Newtonian fluids. These fluids, such as slurries, polymers, 

and blood, exhibit complex rheological properties, including shear-thinning, viscoelasticity, 

and yield stress, which defy simple mathematical formulations.The abstraction in tackling 
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these problems arises from the need to develop mathematical models that capture the intricate 

interplay of forces, viscosity, and deformation in both classical and non-Newtonian fluids.  

Renardy, M. (2000)"Current issues in non-Newtonian flows: a mathematical perspective" 

encapsulates the forefront of contemporary research, delving into the complex realm of fluid 

dynamics beyond Newton's classical model. Non-Newtonian fluids, encountered in diverse 

fields like medicine, materials science, and manufacturing, pose multifaceted challenges. The 

abstraction lies in deciphering the underlying mathematical principles governing these fluids' 

intricate behaviors. Researchers grapple with developing advanced mathematical models, 

often involving intricate systems of partial differential equations, to represent the nuanced 

rheological properties of non-Newtonian fluids.  

Renardy, M., &Thomases, B. (2016)"A mathematician's perspective on the Oldroyd-B 

model: Progress and future challenges" provides an abstract lens through which to view the 

evolution of mathematical research concerning the Oldroyd-B model—a significant concept 

in the study of viscoelastic fluids. Thisresearch emerges from the constant evolution and 

expanding scope of this mathematical framework. Initially, mathematicians developed the 

Oldroyd-B model to describe the behavior of complex fluids, such as polymers and biological 

materials, beyond the scope of Newtonian physics. Over time, mathematical progress has 

resulted in increasingly sophisticated and refined models that capture the intricate dynamics 

of these materials. The abstraction lies in the mathematical journey to uncover the most 

accurate representation of these fluids, which often involves intricate systems of partial 

differential equations, constitutive relations, and numerical methods.As we look toward the 

future, challenges continue to emerge.  

Hirn, A. (2012)The finite element approximation is a powerful mathematical and 

computational tool used to tackle complex problems in non-Newtonian fluid mechanics. This 
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approach involves discretizing the domain of interest into smaller, finite elements, allowing 

for the numerical solution of the governing equations that describe the behavior of non-

Newtonian fluids.In the context of non-Newtonian fluid mechanics, this technique serves as a 

crucial abstraction. It involves dividing the fluid domain into discrete elements, each of 

which is treated as a simplified representative. These elements are governed by mathematical 

equations that account for the non-Newtonian rheological properties of the fluid, such as 

shear-thinning or viscoelasticity. The abstraction comes from the necessity to develop 

numerical schemes and algorithms that accurately capture the intricate behavior of these 

fluids within each finite element. 

Zvyagin Et Al (2014)Attractors in the context of equations of non-Newtonian fluid dynamics 

represent a fascinating and abstract concept that underlines the long-term behavior and 

stability of complex fluid flows. These attractors are mathematical constructs that describe 

the system's ultimate behavior as it evolves over time. In the realm of non-Newtonian fluid 

dynamics, understanding these attractors can be particularly challenging and 

illuminating.Non-Newtonian fluids, characterized by their diverse rheological properties, 

exhibit intricate and often chaotic behaviors. Attractors in this context abstractly encapsulate 

the persistent patterns and structures within this chaos. They serve as a mathematical anchor, 

helping researchers comprehend the underlying order amidst apparent complexity. 

High Weissenberg number asymptotics 

High Weissenberg number asymptotics is a mathematical and analytical approach used to 

describe the behavior of non-Newtonian fluids, particularly viscoelastic fluids, at high 

Weissenberg numbers. The Weissenberg number, often denoted as Wi, is a dimensionless 

number that characterizes the relative importance of elastic and viscous effects in a material. 
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Non-Newtonian fluid mechanics, a high Weissenberg number indicates that the elastic 

response dominates over the viscous response. This typically occurs in materials with long 

relaxation times, such as polymer melts or solutions, where the elasticity due to molecular 

chains' deformation becomes significant compared to the viscous flow.High Weissenberg 

number asymptotics involves approximating the behavior of these materials in the limit of 

very large Weissenberg numbers. This mathematical approach allows researchers to simplify 

complex models and equations to obtain asymptotic solutions that describe the behavior of 

the fluid under these conditions. These solutions often provide valuable insights into the 

material's behavior and can be used to understand and predict phenomena such as stress 

relaxation, transient flow, and normal stresses in viscoelastic fluids.High Weissenberg 

number asymptotics is particularly useful in scenarios where direct numerical simulations 

may be computationally expensive or challenging. By focusing on the dominant terms in the 

governing equations, this approach can lead to simplified models that capture the essential 

physics of the problem. 

 

Consider the creeping flow of an upper convected Maxwell fluid, described by the following 

dimensionless equations: 
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Here v is the velocity, T the extra stress, p the pressure and W is the Weissenberg number. 

We are interested in studying the asymptotic behavior of solutions in the limit W→∞. 

Clearly, the most naive thing to do is simply set W =∞, which changes Eq. (3) to 

 

 

In the initial stages of investigating high Weissenberg number asymptotics for a UCM (Upper 

Convected Maxwell) fluid, the primary focus typically revolves around equations (1), (2), 

and (4). In this context, these equations hold a significance similar to that of the Euler 

equations in the study of high Reynolds number flows. 

Much like how the Euler equations govern the behavior of fluids at high Reynolds numbers, 

equations (1), (2), and (4) play a pivotal role in describing the dynamics of UCM fluids when 

the Weissenberg number is large. These equations serve as the cornerstone for understanding 

the dominant behavior and characteristics of such flows. 

 

 

 

We proceed by assuming that T is a Rank 1 tensor. Specifically, in the context of two-

dimensional flows, it has been demonstrated that the dominant contribution to the stress at 

high Weissenberg numbers must take on a Rank 1 form. This assertion holds unless we make 

the unrealistic assumption of imposing unphysical upstream conditions [69]. Consequently, 

we can express the tensor T in the following form: 
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where ρ is a scalar which we are free to normalize in any way we choose. We now pick ρ in such a 

way that 

 

Inserting Eqs. (5) and (6) into the momentum Eq. (1) yields 

 

 

We observe that equations (6) and (7) closely resemble the steady Euler equations, with one 

notable distinction: the pressure term appears with an opposite sign. It's crucial to emphasize 

that the interpretation of the variables in these equations differs significantly from the 

standard Euler equations. In this context, ρ does not represent the fluid density, and u is not 

the velocity as commonly understood. Additionally, there is no equation of state relating the 

pressure (p) to ρ, as is typically the case in fluid dynamics. 

 

 

where "a" represents a vector field that satisfies the condition ∇ × a = ρu. Given fixed values 

for ρ and u, equations (8) and (9) can be considered as the equations governing the variable v. 
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The key inquiry at this point is whether the v obtained in this manner conforms to the 

incompressibility condition, as defined in Equation (2). It has been demonstrated in [69] that 

this alignment is achieved if the divergence of the velocity field, div u, is a function of ρ: 

 

 

Research Problem 

The primary research problem in the study of classical and non-Newtonian fluid mechanics 

from a mathematical perspective revolves around developing accurate, comprehensive, and 

computationally efficient mathematical models that can describe the complex behavior of 

fluids in diverse settings.For classical fluids, the challenge lies in improving the 

understanding of turbulence, boundary layer separation, and other intricate phenomena, and 

devising mathematical representations that can be applied effectively in practical engineering 

and scientific applications. This includes developing numerical techniques capable of solving 

the resulting complex partial differential equations.Non-Newtonian fluids present an 

additional layer of complexity. The research problem here is to establish mathematical 

frameworks that can capture the diverse rheological behaviours exhibited by these fluids. 

This involves addressing challenges related to viscoelasticity, shear-thinning, and yield stress 

phenomena, among others. Developing mathematical models that can accurately predict the 

behavior of these materials under varying conditions is crucial for industries relying on non-

Newtonian fluids.The research problem extends to the validation of these mathematical 

models through experimental data, as well as addressing uncertainties and parameter 

estimation. Solving these challenges is essential not only for advancing fluid mechanics but 

also for enabling technological innovations across a spectrum of industries. 
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Conclusion 

The study of challenges in classical and non-Newtonian fluid mechanics from a mathematical 

perspective underscores the vital role that mathematics plays in understanding and harnessing 

the behavior of fluids. Fluid mechanics is at the core of countless scientific and engineering 

endeavours, impacting industries ranging from aerospace and chemical engineering to 

biomedicine and environmental science. Through this mathematical lens, we have explored 

several key insights and challenges.The development of accurate mathematical models for 

classical fluid mechanics is essential for tackling real-world problems, from optimizing the 

design of transportation systems to managing water resources. The challenges posed by 

turbulence, boundary layer separation, and fluid-solid interactions demand innovative 

mathematical techniques, advanced numerical methods, and high-performance computing to 

unlock deeper insights.Non-Newtonian fluids present a unique set of complexities due to 

their varied rheological behaviours. Understanding and modeling the behavior of materials 

with viscoelasticity, shear-thinning, or yield stress properties are critical for industries relying 

on these materials, including pharmaceuticals and food processing. This area of study is 

poised to drive innovations in product development and process optimization. This research 

aids in bridging the gap between theoretical models and experimental observations. In a 

world filled with uncertainties and complexities, mathematical rigor helps validate models 

and provides a foundation for decision-making in industry and science.The study of fluid 

mechanics from a mathematical perspective extends beyond practical applications. It 

contributes to the broader field of applied mathematics, enriching our understanding of 

complex physical systems and advancing our computational capabilities. This 

interdisciplinary approach fosters collaborations between mathematicians, scientists, and 

engineers, driving innovation and discoveries that have far-reaching implications. 
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