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Abstract:In this paper a common fixed point theorem for six maps in complete G-metric space
is proved for integral type contractive conditions using continuity, weak commuting and
weakly compatibility.
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1.Introduction and preliminaries
Mustafa and Simsintroduced a new generalised G-metric spaces as a generalization of metric
spaceas follows.
Definition 1.1 [75] “Let G: X x X x X — R" be a function on a non-empty X satisfying

(G-1) G(x,y,2)=0ifx=y=z,

(G-2) 0<G(x,x,y)forall x,y € Xwithx £y,

(G-3) G(x,x,)<G(x,y,z) forallx,y,z€ X withz#y,

(G-4) G(x,v,2)=G(x, z,y) =G(y, z, X) = ... (symmetry in all three variables),

(G-5) G(x,y,2)<G(x,a,a)t+G(a,y,z) forall X,y, z, a € X, (rectangle inequality).

The function G is called a generalized metric or more specifically, a G-metric on Xand the pair
(X, G) is called a G-metric space.”
Definition 1.2 [75] “A sequence {X,} of points in G-metric space X is said to be

G-convergent to X if lim G(X, Xn, Xm) = 0; i.e. for each € > 0 there exists a positive integer Ny
m,n—aw

such that G (X, Xn, Xm) <€ for all m, n > N; . We say x is the limit of the sequence and writex,

—X orlimx,=x.”

n—oo
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Theorem 1.3 [75] “The following are equivalent in a G-metric space:

(1)  {xn}is G-convergent to x;

(i) G (Xn Xn, X) > 0asn —oo;

@iii) G (Xn, X, X) — 0asn—oo;

(iv) G (Xm Xn, X) > 0asm,n — «.”
Definition 1.4 [75]“Let (X, G) be a G-metric space. A sequence {X,} is called
G-Cauchy if, for each € > 0 there exists a positive integer N; such that

G (Xn, Xm, X)) <€ foralln,m, | >N;.”

Theorem 1.5 [75]*“The following are equivalent in a G-metric space :

0] the sequence {x,} is G-Cauchy,

(i) for each €> 0 there exists an N such that G (Xn, Xm, X)) <€

foralln,m, I >N;.”

Theorem 1.6 [75]“The function G(X, y, z) is jointly continuous in all three of its variables in a
G-metric space.”

Definition 1.7 [75]“A G-metric space (X, G) is called a symmetric G-metric space if G(X, vy,
y) = G(y, x, x) for all x, y in X.”

Theorem 1.8 [75]“Every G-metric space (X, G) defines a metric space (X, dg) by

ds(x, ) =G(X, Yy, y) + G(y, x, x) forall x, yin X.

If (X, G) is a symmetric G-metric space, then

ds(x, y) =2G(x, y, y) forall x,y in X.

However, if (X, G) is not symmetric, then it follows from the G-metric properties that

3/2G(X, Vv, y)<de(X,y) <3G (x,y,y) forall x,yin X.”

Theorem 1.9 [75]“A G-metric space (X, G) is G-complete if and only if (X, dg) is a complete

metric space.”

Theorem 1.10 [75]“Let (X, G) be a G-metric space. Then, for any X, y, z, a in X, it follows
that:
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Q) ifG(X,y,z)=0,thenx =y =72

(i)  G(Xvy,z) <G(X, X,Yy)+G(X, X, 2);

(i) G(x,y,y) <2G(y, x, x);

@iv) G(Xvy,2)<G(x, a,2)+G(ay, 2);

(V) G(x, v, z) < °l3 (G(x, a, a) + G(y, a, a) + G(z, a, a)).”

Definition 1.11 [75]“Let f and g be single-valued self-mappings on a set X. If

w = fx = gx for some x € X, then x is called a coincidence point of f and g, and w is called a
point of coincidence of f and g.”

Definition 1.12 [51] “A pair (f, g) of self-mappings of a metric space (X, d) is said to be

compatible iflimd(fgx,, gfx,)= 0,whenever {x,} is a sequence in X such thatlimfx,= limgx,
n—oo n—oo

n—oo

=zforsomeze X.”
The weakly contractive mappings on Hilbert spaces was defined byAlber and Guerre-
Delabriere as follows:
Definition 1.13[9] “A mapping f: X —X is said to be a weakly contractive mapping if d(fx, fy)
<d(x, y) — o(d(x, y)) for each x, y € X and ¢ :[0,00) —[0,%0) is a continuous and non-decreasing
function such that ¢(t) = 0 if and only if t=0.”
Theorem 1.14 [90] “Let (X,d)be a complete metric space and f : X—X be a weakly contractive
mapping. Then f has a unique fixed point.”
Zhang and Song defined generalized ¢ — weak contractive condition as:
Definition 1.15 [113] “Two mappings T, S : X—X are called generalized ¢-weak contractive if
there exists a lower semi-continuous function ¢ : [0,00) —[0,00) with @(t) = 0 for t = 0 and ¢(t)
>0 for all t > 0 such that

d(Tx, Sy) <N(x,y) — o(N(x, y))for each x, y € X,

where N(X, y) = max{ d(x, y),d(x, Tx), d(y, Sy),% (d(x,Sy) + d(y, Tx)).”

Theorem 1.16 [113] “Let (X,d)be a complete metric space and T, S : X— X be generalized ¢-

weak contractive mappings, where ¢ : [0,00) —[0,%0) is a lower semi-continuous function with

International Journal of Research in Engineering & Applied Sciences
Email:- editorijrim@gmail.com, http://www.euroasiapub.org
An open access scholarly, online, peer-reviewed, interdisciplinary, monthly, and fully refereed
journals

85



HEURO ASIAR
i RDA 8

International Journal of Research in Engineering and Applied Sciences(IJREAS)
Available online at http://euroasiapub.org

Vol. 11 Issue 05, May-2021
ISSN (0): 2249-3905, ISSN(P): 2349-6525 | Impact Factor: 7.196 |

o(t) = 0 for t = 0 and @(t) > 0 for all t > 0. Then thereexists a unique fixed point ue X such
that u =Tu = Su.”

Definition 1.17[51]“Let (X,d) be a metric space and f, g: X—X be two mappings. The pair (f,
g) is said to be compatible if and only if

limd(fgx,, gfx,) = 0,whenever{x, } is a sequence in X such that
n—oo

lim fx, = lim gx, = tfor somet €X.”
n—oo

n—-oo

Definition 1.18 [61]“Let(X, G)be a G-metric space and f, g : X—X be two mappings. The pair
(f, g) is said to be compatible if and only if lim G(fgx,, fgx,, gfx,)=0, whenever {x,} is a
n—oo

sequence in X such that

limfx, = limgx, =t, for some t €X.”
n—oo

n—oo

Definition 1.19[52]“Let f and g be two self-mappings of a metric space(X, d). Then f and g are
said to be weakly compatible if for all X €X, the equality fx=gx implies fgx = gfx.”
2. Main Result
Theorem 2.1 Let f, g, h, A, B and C be six self-mappings in a complete G-metric space (X, G)
satisfying the following conditions:

(i) T(X) = B(X), g(X) = C(X), h(X) = A(X);

(i) forall x, y, z €X;

G(fx,gy,hz)

f ¢ (H)dt

0
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r G(Ax,gy,gy) G (By,fx,fx) G (Ax,fx,fx)
f ¢ (Hdt + f ¢ (Hdt + f ¢ (t)dt,
0 0 0
G (By,hz,hz) G(Cz,gy.gy) G(By,gy.gy)
< k| max 1 f o (Hdt + f o (Hdt + f o (Hdt, ¢
0 0 0
G(Cz,fx,fx) G(Ax,hz,hz) G(Cz,hz,hz)
f o (Hdt + f ¢ (Hdt + f o (tdt
\ 0 0 0
(2.1)
or
 G(Ax,Ax,gy) G(By,By,fx) G (Ax,Ax,fx) \
f (I) (t)dt + f (1) (t)dt + f (1) (t)dt,
0 0 0
G(fx,gy hz) G(By,By,hz) G(Cz,Cz,gy) G(By,By,gy)
f ¢ (Ddt < k| max | f o (Hdt + f o (Hdt + J o (Hdt, ¢
0 0 0 0
G(Cz,Cz,fx) G(Ax,Ax,hz) G(Cz,Cz,hz)
J o (H)dt + f o (H)dt + J ¢ (t)dt
L0 0 0 %
(2.2)

wherek € [0, %). Then (f, A) or (g, B) or (h, C) has a coincidence point in X.

Moreover, if one of the following conditions is satisfied:
(@ forAis G-continuous, (f, A) is weakly commuting, (g, B) and (h, C)

are weakly compatible;
(b) g or B is G-continuous, (g, B) is weakly commuting, (f, A) and (h, C)

are weakly compatible;
(c) horCisG-continuous, (h, C) is weakly commuting, (f, A) and (g, B)

are weakly compatible.

Then the mappings f, g, h, A, B and C have a unique common fixed point in X.
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Proof. Let us first assume that mappings f, g, h, A, B and C satisfy condition (2.1). Let x, in X
be an arbitrary point, since f (X) is contained in B(X), g(X) is contained in C(X) and h(X) is
contained in A(X) there exist the sequences {x,} and {y,} in X, such that y3,= fx3,= Bx3,.1,
Y3n+1 = 9%3n+1= CX3nt2, Yan+2 = hXzny2 = Axgpez forn=0,1,2, ...

If y3, = V341, fOr some n, say n = 3m, then p = x3,,,,1 IS the coincidence point of

(9, B). If y3,41 = Y3n42, for some n, say n = 3m, then p = x5, IS the coincidence point of the
pair (h, C). If y3,42 = V3n+3, fOr some n, say n = 3m, then p = x3,,,3 IS the coincidence point of
(f, A). So, we can assume thaty,# y, 1, for all

n=0,1,2,..

Now we prove that {y,} isa G-Cauchy sequence in X.

Since G(Y31-1,Y3n, Y3n+1) = G(Y3n:¥3n+1, Y3n—1),using the condition (2.1) and (G-3) we have

G(Y3n-1,Y3n;Y3n+1) G(fX3n,8X3n+1,hX3n-1)

f ¢ (Ddt = f ¢ (t)dt
0 0
( G(AX31,8X3n+1,8X3n+1) G(Bx3n+1,fX3n,fX3n) \
f o(t)dt + J o(t)dt
0 0
G(Ax3p,fx3n,fx34)
| e
0
G(Bx3p+1,hx3n-1,hx35-1) G(CX3n-1,8X3n+1,8X3n+1)
J o(t)dt + J o(t)dt
0 0
<
k| max G(BX31n+1,8X3n+1,8X3n+1)
+ f o(t)dt,
0
G(Cx3n-1,fx3n,fX3n) G(Ax3n,hx3n-1,hx3n-1)
J o(t)dt + j d(t)dt
0 0
G(Cx3p-1,hx3n-1,hx3p-1)
+ f o(t)dt
\ 0 J
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( G(yan-1,¥3n+1.Y3n+1) G(¥3n.¥3n,¥3n) )
J ¢ (Hdt+ f ¢ (H)dt
0 0
G(Y3n-1Y3n,¥3n)
£ [ s
0
G(Y3n,¥3n-1,Y3n-1) G(y3n-2.Y3n+1,Y3n+1)
f ¢ (dt + J ¢ (H)dt
_ 0 0
= k| max G(Y3n,¥3n+1,Y3n+1) (
£ [ o
0
G(Y3n-2,Y3n,Y3n) G(y3n-1Y3n-1,Y3n-1)
j ¢ (Hdt + f ¢ (H)dt
0 0
G(Y3n-2¥Y3n-1,Y3n-1)
+ f ¢ (H)dt
\ 0 J
(G(Y3n-1,Y3n,Y3n+1) G(y3n-2,Y3n-1,Y3n) 3\
f o ()dt+ 0+ J ¢ (t)dt,
0 0
G(Y3n-1Y3n,¥3n+1) G(Y3n-2Y3n+1,¥3n+1)
f o (Ddt + f ¢ (Ddt
< 0 0
< k| max; G(Y3n-1Y3n¥3n+1) f
+ J ¢ (t)dt,
0
G(Y3n-2Y3n-1,Y3n) G(Y3n—2,Y3n-1,¥Y3n)
f ¢ (H)dt+ 0 + f ¢ (t)dt
\ 0 0 J
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G(Y3n-1,Y3n,¥3n+1)

max { 3 f

0

¢ (H)dt+
G(Y3n-2,Y3n-1,Y3n)

>

\ 0

G(Y3n-1,Y3n,¥3n+1)

( G(Y3n-1Y3n.Y3n+1) G(Y3n-2,Y3n-1Y3n) \
[ swas [ e
0 0

G(Y3n-2¥Y3n-1,Y3n)

|

0

¢ (t)dt

-~

¢ (Ddt,

J

G(Y3n-2Y3n-1,¥Y3n)

< kmax-« 3 f ¢ (H)dt+ 3 f ¢ (t)dt

0 0

- 3k<f0G(Y3n—l'YBnIY3n+l) (I)(t)dt + fOG(YBn—Z'Y3n—1'YBn)¢(t)dt>’

which further implies that

G( n—>1, n, n G n—=2a. n—>0L. l'l)
(1 -3k) fo Y3n-1Y3n,Y3n+1) d(H)dt< 3kf0 (Y3n-2,¥3n-1Y3 o(t)dt.

= afOG(y3n—ZIY3n—1'Y3n) (I)(t)dt,

where « :1i_l;1<- Obviously 0 <a < 1.
Similarly, it can be shown that

fOG(y3n'Y3n+1'Y3n+2) o(t)dt < afOG(Y3“_1'Y3“’Y3nH)d)(t)dt
and

fG(Y3n +1,.Y3n+2,Y3n+3)

o ¢ (t)dts QIOG(Y3nrY3n+1'Y3n+2) (I) (t)dt

It follows that for all n €N,

GYnYn+1Yn+2) GYn-1YnYn+1) GyYn-2Yn-1Yn)
fo Yn:¥n+1,Yn+2 (I)(t)dtf(xfo Yn-1yn/¥Yn+1 (I)(t)dtSasz Yn-2¥yn-1,y (I)(t)dt

< <

G( ), ’, )
an J'O yoyi1.y2 (I) (t)dt.
Therefore, for all n, m €N, n < m, we have

fG(Yn’YmJYm) ¢ (t)dtﬁ fOG(anYn+1rYn+1) (I) (t)dt + fOG(Yn+1'Yn+2'Yn+2) (I) (t)dt

0

+ fOG(Yn+ZJYn+3:Yn+3)¢ (t)dt+ o+ fOG(Ym—l YmYm) ¢ (t)dt
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G(Yn¥n+1Yn+2) G(Yn+1,Yn+2,Yyn+3)
Sfo +1 +2 q) (t)dt +J'0 +1 +2 +3 d) (t)dt
+ +f0G(Ym—1IYmIYm+1) (I) (t)dt

< (o oM P2 o) [OOOVIVD) 4 (g

n
< fG(YO.YLYZ)
~1—0v0

¢ (t)dt > 0asn — oo,
Hence, {y,} is a G-Cauchy sequence in a complete G-metric space X.
So there exists a point u € X such that y, — u as n —.The sub sequences of {y,} viz
{30 }={Bx3n+1} {9%3n+1}={Cx3pn 42} and {hxs,_; }={Ax3,} are all
convergent to u, that is
Y3n = fX3n = BX3p41— WY3nt1 = 0X3n41= CXzpiz— u;
Van—1 = hX3,_1 = AX3,— u as n —oo, (2.3)

Now we prove that mappings f, g, h, A, B and C under the condition (a) of our theorem have u
as a common fixed point.
Firstly, let A is continuous, (f, A) is weakly commuting, (g, B) and (h, C) are weakly
compatible.
Step 1. We prove that u = fu = Au.
By (2.3) and using weakly commuting of (f, A), we get

G(fAx3,, Afxs, ,Afxs,) < G(fX3,,AX3,,AX3,) — 0 asn — . (2.4)
Since A is continuous, then A%x;,— Au asn — o, Afx;, — Auasn — o,
By (2.4), we know fAx3,— Auas n — oo.

From the condition (2.1) we know:
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G(fAX3n,8X3n+1,X3n+2)
Jo ¢ (Ddt <

G(AAX3,,8X3041,8X3n G(Bx3y11,fAx3n,fAX3n
( fo( X3n,8X3n+1,8X3 +1)¢(t)dt+ fo( X3n+1,fAX3n fAX3 )d)(t)dt )
G(AAx 3, fAx3, fAX3,
+ fo ( X3 X3 X3 )¢ (t)dt,
fG(BX3n+1:hX3n+2'hX3n+2)(I) (t)dt + fG(CX3n+2,gX3n+1,gX3n+1)¢ (t)dt
0
’

0
I G Bx3n+ 8X3n+1,8X3n+1 | “

G(Cx3p+2,fAX3,fAX3,) G(AAX3p,hx3042,hx3442)
J'O 3n+2 3 3 (I) (t)dt_l_ fo 3 3n+2 3n+2 ¢ (t)dt

\ 4 J‘OG(CX3n+2th3n+2th3n+2)q) (Ddt )

k| max<

Letting n — oo, and using the Theorem 1.10 (iii), we have

G(Au,uu)
j ¢ (t)dt
0
(G(Au,u,u) G(u,Au,Au) G(Au,Au,Au)
f ¢ (Hdt+ f ¢ (Hdt + f ¢ ()dt,
0 0 0
G(uu,u,u) G(u,u,u) G(u,u,u)
< k| max | f ¢ (Ddt + f ¢ (Hdt + f ¢ (Hdt, ¢
0 0 0
G(u,Au,Au) G(Au,u,u) G(u,u,u)
f (I) (t)dt + f (1) (t)dt + f (1) (t)dt
\ 0 0 0 J

=k (fy Mg de + [7OM 6 (0de, )< 3k 7 g (.

Hence, G(Au, u, u)=0 and Au = u, since k € [O%) and for each € > 0,

Jy & (©dt>0.
Use of the condition (2.1) gives
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G(fu,gx3n+1,hx3n42)

[ o
0
( G(Au,8X3n+1,8X3n+1) G(Bx3n+1.fufu) 3
f ¢ (Hdt + f ¢ (H)dt
0 0
G(Au,fu,fu)
S YOI
0
G(Bx3n+1,hX3n42hX3n42) G(CX3n+2,8%X3n+1,8X3n+1)
f o (H)dt + f o (Hdt

< k| max < 0 0
G(BX3n+2,8X3n+1,8X3n+1)
+ f ¢ (Ddt,
0
G(Cx3p+2,fufu) G(Au,hx3p 42,hx3042)
f ¢ (t)dt + f ¢ (t)dt
0 0
G(Cx3n+2/hx3n+2,hX3n+2)
+ f ¢ (H)dt
\ 0

HEURO ASIAR
H  RDA H

Letting n — oo, using Au = u we have

J«OG(fu,u,u)d) (t)dtS kfoG(u,fu,fu)d) (t)dt.

Using Theorem 1.10(iii), we get

G(fu,u,u G(fu,u,u)
[T ¢ des 2k ) o (H)dt

which gives G(fu, u, u)=0 and so fu = u, since k € [ O, %) and for each € > 0,

Jy & (©dt>0 .Thus we have u = Au = fu.

Step 2. We now show u =gu = Bu.

As f (X) is contained in B(X) and u = fu € f (X), there exists is a point v € X such that u = fu =
Bv.
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Use of condition (2.1) yields

G (fu ,gV,hX3n +2)

[ e
0
[ G(Au,gv,gv) G(Bv,fu,fu) A
f ¢ (H)dt + f ¢ (H)dt
0 0
G(Au,fu,fu)
+ [ e
0
G(Bv,hx3p+2,hx3n+2,) G(Cx3n+2,8v,8V)
f d) (t)dt + f ¢ (t)dt
0 0
< k| maxy G(Bv.gv.gv) >
+ j ¢ (Ddt,
0
G(Cx3p+2,fu,fu) G(Au,hx3y 42,hx3042)
f ¢ (H)dt + f ¢ (H)dt
0 0
G(Cx3n+2,hX3n+2,hX3n+2)
+ f ¢ (tdt
\ 0 J

Letting n — oo, using u = Au = fu = Bv and by Theorem 1.10(ii1), we obtain

Jy 5 6 (a2 [T 6 (ot

<3k[; B g (0)dt,
which gives that G(u, gv, u) = 0 because k € [0%) and for each € > 0, f;q) (t)dt> 0, and so gv
= u = Bv. Since (g, B) is weakly compatible, we get
gu = gBv = Bgv = Bu.
Again by (2.1),
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G(fu,gu,hx3n42)

f ¢ (H)dt

0

( G(Au,gu,gu) G (Bu,fu,fu) )

f ¢ (Hdt + f ¢ (tdt

0 0
G(Au,fu,fu)

+ [ e

0
G(Bu,hx3p+2,hx3n42) G(Cx3pn+2,8u,8u)

J ¢ (t)dt + f ¢ (Ddt
< k| max < 0 G(Bu,gu,gu) " (

+ | e

0
G(Cx3p+2,fu,fu) G(Au,hx3p 4+2,hx3n42)

J ¢ (Hdt + f ¢ ()dt

0 0
G(Cx3n+2,hx3n+2,hx3042)

+ ¢ (H)dt
| I |

Letting n — oo, using u = Au = fu, gu = Bu and by Theorem 1.10 (iii),
¢ G(u,gu,gu) G(gu,u,u) G(u,u,u) A

f ¢ (Hdt + J ¢(t)dt+j ¢ (v)dt,
0

0 0
G (u,gu,u) G(gu,u,u) G (u,gu,gu) G(gu,gu,gu)

f ¢ (Ddt < k| max 1 f o (Hdt + f o (Hdt + f o (Hdt,

0 0 0 0
G(u,u,u) G(u,u,u) G(u,u,u)

Of ¢(t)dt+0f ¢(t)dt+oj ¢ ()dt

~~

\ )
<k (max {[; ¢ @t + [T ¢ (Ddt})

<3k ;8 ¢ )t

International Journal of Research in Engineering & Applied Sciences
Email:- editorijrim@gmail.com, http://www.euroasiapub.org
An open access scholarly, online, peer-reviewed, interdisciplinary, monthly, and fully refereed
journals




HEURO ASIAR
i RDA 8

International Journal of Research in Engineering and Applied Sciences(IJREAS)
Available online at http://euroasiapub.org

Vol. 11 Issue 05, May-2021
ISSN (0): 2249-3905, ISSN(P): 2349-6525 | Impact Factor: 7.196 |

which gives G(u, gu, u) = 0 since for each € > 0, f0€¢ (t)dt> 0 and so u = gu = Bu.
Step 3. We show that u = hu = Cu.
As g(X) is contained in C(X) and u = gue g(X), there exists a point w €X such that u = gu =

Cw. Again by use of condition (2.1), we have

¢ G(Au,gu,gu) G (Bu,fu,fu) G(Au,fu,fu)
f ¢ (H)dt+ f ¢ (H)dt + J ¢ (t)dt,
0 0 0
G (fu,gu,hw) G(Bu,hw,hw) G(Cw,gu,gu) G(Bu,gu,gu)
f ¢ (Hdt < k| max | f o (Hdt + f o (Odt + f o (DHdt, ¢
0 0 0 0
G(Cw,fu,fu) G(Au,hw ,hw) G(Cw,hw ,hw)
f ¢ (t) dt + f ¢ (t) dt + f (1) (t) dt
\ 0 0 0 J

Using u = Au = fu, u = gu = Bu = Cw and Theorem 1.10 (iii), we obtain

fOG(fu,gu,hw)d) (t)dt: fOG(u,u,hw)d) (t)dt

<k fOG(“'hW'hW) o (Hdt< 2k fOG(“’“'hW) o (H)dt

giving that G(u, u, hw) =0 and so hw = u = Cw.
Weak compatibility of (h, C) implies hu = hCw = Chw = Cu.
Using (2.1), we get

G (fu,gu,hu)

J ¢ (t)dt

0
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( G(Au,gu,gu) G (Bu,fu,fu) G(Au,fu,fu) \
f ¢ (Hdt + f ¢ (t)dt + f ¢ (H)dt,
0 0 0
G (Bu,hu,hu) G(Cu,hu,hu) G(Bu,gu,gu)
< k| max{ f ¢ (Ddt + f o (H)dt + f ¢ (Ddt, ¢
0 0 0
G(Cu,fu,fu) G(Au,hu,hu) G(Cu,hu,hu)
f ¢ (t)dt + f d) (t)dt + f d) (t)dt
\ 0 0 0 J

As u=Au =fu, u=gu=Bu, Cu=huand the Theorem 1.10 (iii), we get

G (u,hu,hu) G(hu,u,u)

Jy ™ ¢ (©dts k max { ¢ (Ddt+ JOLY

<3k fOG(“'“'h“) o (H)dt,

which gives that G(u, u, hu) = 0 since for each € >0, f(fq) (t)dt> 0 and so u = hu = Cu.
Therefore, if A is continuous, (f, A) is weakly commuting, (g, B) and (h, C ) are weakly
compatible, then f, g, h, A, Band C have a common fixed point u.

Next let f be continuous, (f, A) is weakly commuting, (g, B) and (h, C ) are weakly compatible.
Step 4. We show that u = fu.

Using (2.3) and weakly commuting of (f, A), we have

fG(fAX3n,AfX3n,AfX3n)

. 6 (Ode< [ Eon ) 4 (gt 0 asn — oo,

Since f is continuous, then f?x;, — fu as n — oo, fAx5, — fuasn — oo.
Using (2.3) we know Afx;, — fuasn — oo.

From the condition (2.1) we have

G (f2X3n,8X3n+1.hX3042)

J ¢ (H)dt
0
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( G(Afx3n,8X3n11,8%X3n+1)

G(BX3H+1,ffX3n,ffX3n)

f ¢ (H)dt + J ¢ (H)dt
0 0
G(AfX3n,ffX3n,ffX3n)
+ f ¢ (t)dt,
0
G(Bx3p,hx3n+2,hx3n+2) G(Cx3n+2,8X3n+1,8X3n+1)
J ¢ (Hdt + J ¢ (H)dt
0 0
= k| max; G(BX3n+1,8X3n+1,8X3n+1)
¥ | p (Odt,
0
G(Cx3n+2,ffx3n+2,ffX31) G (Afx3n,hX3n+2,hX3n+2)
f ¢ (Hdt + f ¢ (H)dt
0 0
G(Cx3p+2,hx3n+2,hx3042)
+ f ¢ (H)dt
\ 0 J
Letting n — oo and by the Theorem 1.10 (iii), we have
G(fu,u,u)
[ s
0
(G (fu,u,u) G(u,fu,fu) G (fu,fu,fu) \
j ¢ (Hdt + j ¢ (Hdt+ j ¢ (dt,
0 0 0
G(uu,u,u) G(u,u,u) G(u,u,u)
< k| max < f ¢ (Hdt + f ¢ (Hdt+ f ¢ (Hdt, ¢
0 0 0
G (u,fu,fu) G(u,u,u) G(u,u,u)
f ¢ (Hdt + f ¢ (Hdt+ f ¢ (Hdt
L0 0 0 J
= k(max {7 ¢ ®at+ 7 ¢ mat})
<3kf; M (v,
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resulting that G(fu, u, u) = 0, since for each € > 0, f0€¢ (t)dt>0andso fu=u.
Step 5. We prove that u = gu = Bu.

Since f (X) is contained in B(X) and u = fu € f (X), there exists a point z € X such that u = fu =
Bz. Use of condition (2.1) yields

G(f2x3n,82,hx3n42)

[ o
0
. J,OG(Afx?,n,gz,gz)d) (t)dt+ fOG(BZ,ffX3n.ffX3n)¢ (t)dt )

f ff ff:
+ fOG(A X3n,11X3n, X3n)¢ (t)dt,

G(Bz,hx3p42,hx3042) G(Cx3n+42,82,82)
fo 3n+2 3n+2 (I) (t)dt+ J‘O 3n+2 ¢ (t)dt

< k| max<
n fOG(Bz,gz,gz)q) (t)dt,
fOG(Cx3n+2.ffx3n.ffX3n)¢ (®dt + fOG(AX3n’hX3“+2’hX3n+2)¢ (t)dt
\ + fOG(CX3n+2,hX3n+2'hX3n+2)(I) (t)dt )

Letting n — oo, using u = fu = Bz and the Theorem 1.10 (iii) we have

G(u,gz,u) G(u,gz,u)

Of ¢(t)dts3k0f b (t)dt

which implies that G(u, gz, u) =0 and so gz = u = Bz.
Since (g, B) is weakly compatible, so gu = gBz = Bgz = Bu.
Use of condition (2.1) gives

G (fx3n,8u,hX30+2)

j ¢ (H)dt

0
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( G(Ax3p,8u,gu) G(Bu,fx3p,fx3p) A
f ¢ (H)dt + f ¢ (t)dt
0 0
G(Ax3p,fx3p,.fx3,)
[ e
0
G(Bu,hx3p+2,hx3n+42) G(Cx3n+2,8u,8u)
J ¢ (H)dt + f ¢ (t)dt
0 0
< k| max- G (Bu,gu gu) -
+ | o
0
G(Cx3n+2,fx3n,fX3n) G(AxX3y hx3p+2,hx3042)
J ¢ (Hdt + f ¢ (H)dt
0 0
G(Cx3n+2,hX3n4+2,hX3n42)
+ f o (dt
\ 0 y,

Letting n — oo, using u = fu, gu = Bu and Theorem 1.10 (ii1) we have

[ 6 (1) dis k{ LB o (de+ [T g (t)dt}

<3k (0,

which is not possible and so G(u, gu, u) = 0, since for each € > 0, fgd) (t)dt >0and
SO gu=u=Bu.
Step 6. We show that u = hu = Cu.

Since g(X) is contained in C(X) and u = gue g(X), there exists a point t € X such that u = gu =
Ct.
Use of condition (2.1) gives

G(fx3p,gu,ht)

f ¢ (H)dt
0
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(G(Ax3p,gu,gu) G (Bu,fx3p,fx3,) )
f ¢ (H)dt+ f ¢ (H)dt
0 0
G(Ax3n,fx3n,.fX3n)
+ J ¢ (Ddt,
0
G (Bu,ht,ht) G(Ct,gu,gu)
f d) (t)dt + f (1) (t)dt
0 0
< k| max « G (Bu gu.gu) >
+ f ¢ (Ddt,
0
G(Ct,fX3n,fX3n) G(AX3n,ht,ht)
f (1) (t)dt + f (1) (t)dt
0 0
G(Ct,ht,ht)
+ f ¢ (H)dt
\ 0 J

Letting n — oo, using u = gu = Bu = Ct and by Theorem 1.10 (iii), we obtain

fOG(u,u,ht)d) (t)dtf 3 kfOG(u,u,ht)(I) (t)dt.

Hence G(u, u, ht) =0 and soht = u = Ct.
Since (h,C) is weakly compatible, we have hu = hCt = Cht = Cu.
Using (2.1), we have

G(fx3y,8u,hu)

j ¢ (H)dt
0
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: R a

(J,OG(AX?,n,gu,gu)(I) Odt + fOG(Bu,fx3n,fX3n)¢ (©)dt)
N J-OG(AX3n.fX3nIfX3n) ¢ (t)dt,
JEEUMD gy e 4 [TBED ¢ (e
4 fG(Bu,gu,gu) ¢ (Ddt,
fOG(Cu,fX3n,fX3n) 6 (Ddt + fG(AXgn Jhuhu) o (Ddt

Jhuh
\ + fOG(Cu u, U)(I)(t)dt )

Letting n — oo, using u = gu = Bu, Cu = hu and by Theorem 1.10 (iii),
G(u,u,hu G (u,hu,hu G(hu,u,u

Jy ™ ¢ (0)dts k(max {7 o ©)de+ [T o 1)at})

G(uuhu)(l) (t)dt,

which gives that G(u,u, hu) = 0, since for each € > 0, f;¢ (t)dt>0and
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IA
-

max <

<3k,

so hu=u=Cu.

Step 7. We show that u = Au. As h(X) is contained in A(X) and u = hu € h(X), there exists a
point p € X with u =hu = Ap.

Using condition (2.1),

G(fp,gu,hu)
[ eou
0
¢ G(Ap,gu,gu) G(Bu,fp,fp) G(Ap.fp.fp) A
f ¢ (Hdt + f ¢ (Hdt + f ¢ (Hdt,
0 0 0
G(Bu,hu,hu) G(Cu,gu gu) G(Bu,gu,gu)
< k| max{ j ¢ (Ddt + j ¢ (Hdt + J ¢ (Ddt, ¢
0 0 0
G(Cu,fp,fp) G(Ap,hu,hu) G(Cu,hu,hu)
f ¢ (Hdt + f ¢ (Hdt+ f ¢ (H)dt
L0 0 0 %

Taking u = gu = Bu, u = hu = Cu and the Theorem1.10 (iii), we get

fOG(fp,u,u) (I) (t)dt< 3ka(fp uu) (t)dt 1
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yielding G(fp, u, u) =0, since for each € > 0, f0€¢ (t)dt>0and so fp =u = Ap.

Since the pair (f, A) is weakly compatible, we havefu = fAp = Afp = Au = u.Therefore, if fis
continuous, (f, A) is weakly commuting, (g, B) and (h, C) are weakly compatible then u is the
common fixed point of f, g, h, A, BandC.

On the same lines, the result follows under the conditions (b) or (c) of our theorem.

Now we show uniqueness of common fixed point u.

Let u and g are two common fixed points of the mappings. Use of condition (2.1) gives
G(q,u,u) G(fq,gu,hu)

f ¢ (H)dt = f ¢ (H)dt
0

0

f G(Aq'gu'gu) G(Bu,fq,f(l) G(Aq'fq'fq) w
f ¢ (Hdt+ J ¢ (Hdt + ] ¢ ()dt,
0 0 0
G(Bu,hu,hu) G(Cu,gu gu) G(Bu,gu,gu)
< k| max f o (Ddt + f o (Ddt + f o (Ddt, ¢
0 0 0
G(Cu,fq,fq) G(Aq,hu,hu) G(Cu,hu,hu)
f ¢ (H)dt+ f ¢ (H)dt + J ¢ (t)dt
\ 0 0 0 J
< k(max { FEY g yde + O ¢ (t)dt})
<3k (Dt

giving G(q, u, u) = 0, since for each €> 0, f(jq) (t)dt > 0 and so g = u is a uniqgue common
fixed point . Condition (2.2) yields the same results.
If we take ¢ (t) = 1 in Theorem 2.1, then it extends the following resultof Gu [40]
Corollary 2.2 [40] “Let (X, G) be a complete G-metric space and let f, g, h, A, B, and C be six
mappings of X into itself satisfying the following conditions:

(i) £(X) = B(X), 9(X) = C(X), h(X) = A(X);

(i) forall x,y, z € X,
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G(Ax, gy, gy) + G(By, fx, fx),
G(fx, gy, hz) < k | max { G(By, hz, hz) + G(Cz gy, gy),
G(Cz, fx, fx) + G(Ax, hz, hz)

or

G(Ax, Ax, gy) + G(By, By, fx),
G(fx, gy, hz) < k [ max { G(By, By, hz) + G(Cz, Cz, gy),
G(Cz, Cz, fx) + G(Ax, Ax, hz)

where k € [0, %). Then one of the pairs (f, A), (g, B) and (h, C ) has a coincidence point in X.

Moreover, if one of the following conditions is satisfied:
(a) either for A is G-continuous, the pair (f, A) is weakly commuting, the pairs (g, B) and (h,
C) are weakly compatible;
(b) either g or B is G-continuous, the pair (g, B) is weakly commuting, the pairs (f, A) and
(h, C) are weakly compatible;
(c) either h or C is G-continuous, the pair (h, C ) is weakly commuting, the pairs (f, A) and
(9, B) are weakly compatible.
Then the mappings f, g, h, A, B, and C have a unique common fixed point in X.”
If we take ¢ (t) = 1and A =B = C = | (identity map) in Theorem 2.1, it extends the following
result of Abbas et. al [6] of three self-mappings.
Corollary 2.3 [6] “Let (X, G) be a complete G-metric space and let f, g and h be three

mappings of X into itself satisfying the following condition:

G(x, gy, gy) + G(y, fx, fx),
G(fx, gy, hz) < k| max < G(y, hz, hz) + G(z, gy, gy),
G(z, fx, fx) + G(x, hz, hz)

forall x,y, z € X, where k € [0, %).Then the mappings f, g and h have a unique common fixed
point in X.”

If we take ¢ (t) =1, A=B=C =1 (identity map) and f = g = h in Theorem 2.1 it extends the
result of Mustafa and Sims [76].
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Corollary 2.4 [76] “Let (X, G) be a complete G-metric space and let f be a mapping of X into

itself satisfying the following condition:

G(x, fy, fy) + G(y, fx, fx),
G(fx, fy, fz) < k| max < G(y, fz, fz) + G(z, fy, fy),
G(z, fx, fx) + G(x, fz, fz)

forall x,y,z € X, where k € [O%).Then the mapping f has a unique fixed point in X.”
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